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Abstract 

In [The Terwilliger algebra of the Johnson schemes, Discrete Mathematics 307 
(2007) 1621-1635], Levstein and Maldonado computed the Terwilliger algebra of the 
Johnson scheme J(n, m) when 3m < n. The distance-m graph of J(2m + 1, m) is the 
Odd graph Om+i- In this paper, we determine the Terwilliger algebra of Om+i and 
give its basis. 
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1 Introduction 

Suppose r {X, R) denotes a simple connected graph with diameter D. For each i € 
{0, 1, ... , D}, let ri{x) = {y G X \ d{x, y) = i}, where d{x, y) is the distance between x and 
y. Define E* = E*{x) to be the diagonal matrix in Matx(C) with yy-entry 



1, if 2/ e r,(x), 

0, otherwise. 



The Terwilliger algebra T{x) of V with respect to a given vertex x is the subalgebra of 
Matx(C) generated by the adjacency matrix A of F and Eq,EI, . . . , E*j^. 

Terwilliger [TU] initiated the study of the Terwilliger algebra of association schemes, which 
has been used to study (almost) bipartite P- and Q-polynomial association schemes [HIS], 
2-homogeneous bipartite distance- regular graphs [4], Hypercubes [5], Hamming graphs [7], 
Johnson graphs , incidence graphs of Johnson geometry [6] and so on. 

Let 17 be a set of cardinality 2m + 1 and let (^) denote the set of all i-subsets of VL. The 
Odd graph Om+i is the graph whose vertex set is the set X = (^) , where two vertices are 
adjacent if they are disjoint. Levstein and Maldonado |8] determined the Terwilliger algebra 
of the Johnson graph J(n, m) when 3m < n. Observe Om+i is the distance-m graph of the 
Johnson graph J(2m -f- l,m), and they have the same Terwilliger algebra. In this paper 
we shall determine the Terwilliger algebra of Om+i (Theorem 13. 5p . give one of its bases 
(Proposition [mi) and compute its dimension (Corollarv l3.7|) . 
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2 Intersection matrix 



In this section wc first introduce the intersection matrix, then discover the relationship 
between the adjacency matrix of the Odd graph Om+i and the intersection matrices. 

Since Om+i is distance-transitive with diameter m (cf. [T]), the isomorpliism class of 
T{x) is independent of the choice of x, denoted by T := T{x). 

Let y be a set of cardinality v. Let Hlj{v) be a binary matrix with rows indexed by 
(Y) and columns indexed by (^) , whose j/z-entry is defined by 



1, if|ynz| = /, 
0, otherwise. 



This matrix is a class of intersection matrices. Observe that Hi j (v) 7^ if and only if 
max(0,i + j ~ v) < I < min(i, j). We adopt the convention that Hi -{v) = for any integer 
I such that / < or / > min(z, j). From [HJ Proposition 4], we have 

In particular, 

s=inax(0.i+j+A:-i-t)) \ / \ / 

Lemma 2.1 Let F &e t/ie Odd graph Om+i with the adjacency matrix A, and let Ai,j he the 
suhmatrix of A with rows indexed by F,; (x) and columns indexed by Tj (x) . Then 

Ai_j ~ {0 < i < j < rn, i ^ j — 1 or i = j ^ m), (3) 

A2^,2^+l = Hll,^,Jm) + 1) (0 < * < [yl - 1), (4) 

^2.+i,2.+2 = i?°,„_,_i(m) ® i/,"„_,,,+i(m + 1) (0 < z < LyJ - 1), (5) 

Am,m = J , J (m) ® iff™ T J ™ ] (m + 1), (6) 

where "<Si " denotes the Kronecker product of matrices. 

Proof. Since 0,„+i is almost bipartite, ([3]) is directed. 

Pick y £ F2i(a;), z G F2i+i(a;). Note that d{x,y) = 2i if and only if |x H y| = m — i; 
z) = 2z + 1 if and only if |a; H z| = i. Then |a; H j/| = m — i and |a; H z| ~ i. Suppose 
y = am-il3t ■■= am-, U A, z = a[l3'^_^, where a^-i G („^^„J and /^^ e (^^)'^), while £ (^) 
and e Then 



(^2,,2,+ l).y. = {H^r,^-^M)®Hl^-^{'m+l))yz = 



1, if Q;„i_i n a- = and /3i n /3^_j 
0, otherwise. 



which leads to (j4|). 

Similarly, © dH) hold. □ 
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3 The Terwilliger algebra 

In this section we fix a; G (^), then consider the Terwilliger algebra 7" = T{x) of Om+i- 

For < i, J < m, any matrix M indexed by elements in Ti(x) x Tj(x) can be embedded 
into MatA'(C) by 

, . _ j iip^i and q^j, 

^(^^)r,(.)xr,(.) - I 0^ otherwise. 

Write Gij{v) ~ {g \ max(0,z j ~ v) < g < min(z,j)}. Let 

ra 

M = (7) 

p,q=0 

where i(Xp,g) = | M £ Mp,q}, and 

M2t,2j = Span{iJ,'„_, ,„_^-(to) +1), le G™_j,,„_j(m), s e G»j(to + 1)}, (8) 

X2j,2j+i = Span{iJ,'„_, (m) ® Hl,^_^{m + 1), ^ e Gm-,j(m), s e Gj,™-j(to + 1)}, (9) 

-A42»+i,2j = Span{ij(„_^ (m) ® i/f„_,_j(m + 1), / G G,,™_j(m), s e G™_,j (to + 1)}, (10) 

>l2j+i.2j+i = Span{ij[^-(TO) (g) i?f„_,;^,„_j-(m + 1), / e G,j (m), s e G™_j,™_j(m + 1)}. (11) 

Note that is a vector space. By ([T]) we have A4 is an algebra. Next we shall prove 
T = M. 

Lemma 3.1 The Terwilliger algebra T is a subalgebra of Ad. 
Proof. By Lemma [HT] we have A£ J\A. Since 

TTi 

El, = L{HZZlr.^,{ni) ® Hlijn + 1)) £ A^, < * < J , 

777 

i?2.+i = L{Hl^(^) ® H^Zl^.,{m + l))eM, < z < [-] - 1, 
we have T <^ M. □ 

For < i,j < m, let Tij = {Mij \ M € T}, where Mij is the submatrix of M with 
rows indexed by Ti{x) and columns indexed by ^j{x). Since T is an algebra, each 71 j is a 
linear space. From TE*T C 7" we obtain {TE*T)i,k ^ 7i,fc, which implies that 

%,jTj,k C T^.fc. (12) 

From A, E* e T, we have AE^AE*^ ■ ■ ■ AE*^_^A G T, which follows that 

-^21,22-^*2,^3 ' ' ' lin — 1 -^*Ti- 1 ,*Ti ^ '^l ,«ti ' (-^^) 

Lemma 3.2 For i < j < [^] — 1 ant? < / < i, we /iat^e 

® HZZl„^^,{m + 1) e r2.+i,2j+i. 
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Proof. Wc use induction on I. 

By (US]), for i < j wc have ^21+1,21+2^21+2,2^+3 ••• ^2j,2j+i £ 7^i+i,2j+i, which yields 
that 

Hlj i^) ® <n',n-, ("^ + 1) e r2,+ l,2, + l . (14) 

When i = j we pick /^m-j (g) /j-m+i-j G 72i+i,2j+i, which also satisfies ([T4)) . 

Assume that Hl.{m) H^Zlm-jim + 1) G Tzi+i.zj+i for .g > L By dH]) and for 
2j + 1 < TO we obtain 

(Hljim) ® H2_l^_^{m+ l))A2j + i,2j+2^2j+2,2i+l e 7^i+l,2j + l7^j + l,2i+l ^ 7^j+l,2j+l, 

and for 2j + 1 = m we have 

(4^.(m) ® + l))^2,+i,2,+i e r2.+i,2,+i. 

Then we get 

(ai4/(TO) + a^Hljm) + a^H'+\m)) ® H^Zl^^^im + 1) G T2^+l.2,+U 

where oi, a2 and 03 are some positive integers. It follows that H\Zj^ {m)® H^Zl ^^jirn+l) G 
721+1. 2j+i- Hence the conclusion is obtained by induction. □ 

Lemma 3.3 For i + 1 < j < [^^J and < I < i, we have 

HU-ji^) ® Hi;x]{^ + 1) e r2.+i,2j. 

Proof. By ^ we have ^2^+1, 21+2^21+2,21+3 ■ • ■ ^2j-i,2j G 7^i+i,2j for i + 1 < j, i.e., 

Hlra-j{rn) ® (™ + 1) ^ T2.+ l,2j. 

Assume that Hf„^_.{m) ® Hi-ll^{m + 1) G r2i+i,2j for g < I. Then by ^ and (0, 
we obtain 

{Hlm-oi-m) ® H^^ZZjim + l))A2j,2j-i^2j-i,2j e 7i.i+l,2i, 

which gives 

ibiHl~X^im) + h^Hlm-A^) + bsHl+X^im)) ® H^-^(m + 1) G r2.+i,2„ 

where bi, 62 and 63 are some positive integers. Thus Hl^_^{m) ® H^ZZj {m + 1) G 72i+i,2i 
and the conclusion is valid by induction. □ 

Lemma 3.4 The algebra M. is a subalgebra of T ■ 

Proof. In order to prove this result, we only need to show that 7Wp,g C J'p,q for < p, g < to. 
Write Ml^q = {M* | M G Mp^q} and T^q = {A'/* | M G Tp,q} . Since Mq^p = X*^, and 
Tq^p = 7^,q, it suffices to prove A4p^q C 7^ ^ for p < q. We use induction on p. 

Step 1. Show Mo,q ^ T^,, (0 < g < to). 
According to ^ ®, we get 

Mo,2, = Span{i/™;^_^.(TO) ifo"^.(TO + 1)} (0 < j < [yj), 
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and 

Mo,2j+i = Span{if^ /m) ® Hl„_^{m + 1)} (0 < j < f^] - 1). 
By Lemma [TT] and we have 

^0,1^1,2 ■ • ■ ^2,-1,2, = cii7:::-^:/m) ® <^.(m + 1) 

and 

Ao,iAi,2 • • • ^2j,2j+i = C2Hl^{m) ® Hl„^_^{m + 1), 

where Ci, C2 are some positive integers. Then by we have Mo,2j Q Ta.2j and A^o,2j+i C 
7o,2j+i- 

Step 2. Assume that Mp^q C 7^ ^ for p < 2i. We wih show that M2i+i,q ^ 72i+i,9 and 

-^2i+2,g C T2i+2,q- 

Step 2.1. Show A^2j+i,g C 72i+i,g (2i + 1 < g < m). 

Case 1. 9 = 2j + 1 (i < j < [f ] - 1). 
By inductive hypothesis we have 

HL-zji'm) ® 77f ^_^ (m + 1) £ A^2j,2i+i C 7ij,2i+i, I e G„i_ij(m), s G Gi^m-j{m + 1). 

Since ^2^+1,2^ = ^L,2»+i = ^f,m-j(™) H^^-tA"^ + 1) ^ '72j+i,2i, by ([12]) we have 

(if°„_,(m) ® Hl_^^^{m + l))(iJ^_,,^-(m) ® Hl^_j{m + 1)) e T2^+l,2^T2^ ,23 + 1 ^ 721+1,2^+1 ■ 

From ([2]) we obtain 

Hi;-/{m) ® {{s + i)iC:^;;^^("^ + 1) + - . + mZX^-M + 1)) ^ t^.+i.s.+l (is) 

Since / £ Gm-i.jim) and s G Gi_m-j{'m + 1), from ()15p and Lemma 13.21 we get 

j{m + 1), 

which imphes X2i+i,2j+i Q 7ii+i,2j+i- 

Case 2. (? = 2j- (* + l<j< [fj). 
By inductive hypothesis, we have 

Hln-i.ni-ji'^) ® Hlj{m + 1) G A^2i,2i ^ 7^i,2i, ' G Gm-i^m^j (m) , S G Gij(TO + 1). 

Thus by ([T3| we obtain 

^2i+l,2i(-f^m-i,m-i(™) ® Hlj{m + 1)) G 7^i+l,2i7^i,2j ^ 7^i+l,2j- 

From ([2]), we have 

^r^^j'M ® + + 1) + - . + + 1)) g r2.+i,2,. (le) 

Since / G G„i^i,„i^j(m) and s G Gi,j{m + 1), by and Lemma [5751 we have 

Htm-jim) ® H^_^^{m + 1) G 7^»+i,2j, ^" G Gi^m-j{m), s" G G™_ij(m + 1), 

which yields X2i+i,2j Q 72i+i,2j- 

Step 2.2. Show A^2j+2,g ^ 7^i+2,g (2i + 2 < 9 < rn). 

The proof of this step is similar to that of Step 2.1 and we omit it here. 

Hence the desired result follows by induction. □ 
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Theorem 3.5 LetT be the Terwilliger algebra of the Odd graph Om+i and he the algebra 
defined in Q . Then T ~ Ai. 

Proof. Combining Lemma [XT] and Lemma the desired result follows. □ 

Since the generating matrices of each vector space in ([5))- (|lip are linearly independent, 
we have the following result. 

Proposition 3.6 The Terwilliger algebra T of the Odd graph Om+i has a basis: 

{L{Hl,-^.,n^j{m)®Hlj{m+l)), I E G™_,,„_j (m), s G G,,^ (m + 1)}™ ^q. 

Corollary 3.7 The dimension of T is ('"^^) • 
Proof. By Proposition 13 . 61 we get 
dim?" 

rn 

= \Grn-i.7n~j{m)\\Gij{m + 1)\ 

m 

= (min(TO — i^m — j) — max(0, to — i — j) + l)(min(i, j) — max(0, i + j — m — \) + 1). 

By zigzag calculation, the desired result follows. □ 
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